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SUMMARY
In classical plasticity there are clear mathematical links between the dissipation function and the consequent
yield function and ﬂow rule. These links help to construct constitutive equations with the minimum
of adjustable parameters. Modelling granular materials, however, requires that the dissipation function
depends on the current stress state (frictional plasticity) and this changes the mathematical structure—
altering the links and invalidating the associated ﬂow rule. In this paper we show, for a large family of
dissipation functions, how much of the structure remains intact when frictional dissipation is included. The
surviving links are examined using straightforward physically based graphical insight and well-established
mathematical techniques leading to a central result, which provides a mathematical justiﬁcation for the
procedural features of hyperplasticity. This should allow hyperplasticity to be used more widely and
certainly with increased conﬁdence.
As an example of the effectiveness of the general method, two speciﬁc dissipation functions are
constructed from the simple physical concepts of sliding friction and granule damage. One is based on
a Drucker–Prager cone and the other a Matsuoka–Nakai cone, both incorporate kinematic hardening and
a compactive cap. In each Case a single smooth yield function with consistent ﬂow rules is produced.
The computational usefulness of an inequality derived in the paper is demonstrated in the generation of
the ﬁgures showing yield surfaces and ﬂow directions by means of a simple maximization procedure.
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1. INTRODUCTION
In this paper we explore some of the consequences of the mathematical and physical arguments
that extend the ideas of classical metal plasticity to rigid plastic models of granular materials.
The difﬁculties of such extensions have been apparent since Drucker and Prager [1] revealed
that the predictions obtained assuming associated ﬂow were excessively dilatant. Since then, most
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computationalmodels have been developed by either ignoring the excessive dilation (e.g. [2])o rb y
specifying the yield surface and ﬂow rule independently (e.g. [3]). But at the same time, there has
been a continued interest [4,5] in providinga wider mathematicalframework for classical plasticity
that manages to include granular materials, together with the well-established metal plasticity.
This work has been motivated by the expectation that it would help the modeller include physical
insights more easily and so minimize the number of adjustable parameters needed in constructing
a model. More recently [6], it has become apparent that some yield functions constructed ad hoc
are likely to perform badly in computational schemes as the yield function has additional zero
contours outside the looked for yield surface, so it is therefore timely to revisit the mathematical
structure of frictional plasticity in the hope that better guidelines for constructing yield functions
will emerge.
Some signiﬁcant progress has already been made establishing links between: yield surfaces,
dissipation functions, volume constraints and ﬂow rules. This has been most successful in metals,
where thermodynamic arguments (reviewed, for example, by Germain et al. [7])g i v eas t r o n g
thermodynamicfoundation. For granular materials, as might be expected giventhat the construction
of constitutive equations combines both physical and mathematical insights in the inclusion of
friction dissipation, a number of approaches have been developed that properly include metal
plasticity as a special case:
1. An essentially graphical method [8] to generate yield surfaces and ﬂow rules from dissipation
functions and volume constraints has been developed by making use of the mathematical
theory of envelopes. This only goes ‘one way’ in that it does not provide a methodto construct
a dissipation function from a yield surface.
2. A substantialbodyof work withthename ‘hyperplasticity’[9] has beenbuilton thearguments
in [10] by exploiting degenerate Legendre transforms [5] and, more recently, Legendre–
Fenchel transforms (LFTs) [9]. This does include a method to generate dissipation functions
from yield functions. However, this requires a particular formulation, which has been justiﬁed
using arguments from non-equilibrium thermodynamics that may not satisfy those modellers
who prefer a more mechanically grounded approach. In particular, the procedure involves a
demarcation of the role of the stresses, which will be discussed later.
3. It has been known for some time that the process of obtaining the yield criterion from the
dissipation function in the classical rate independenttheory of metal plasticity can be matched
to the mathematical process of obtaining a dual norm from a norm in convex analysis [11].
Using the same thermodynamic arguments as in hyperplasticity this could be extended to the
case where the dissipation is frictional.
4. The graphical method has been reformulated as a constrained optimization problem [4].T h i s
allows the yield function to be generated numerically.
5. There are inequalities associated with both the LFT [12] and the norm-dual norm transform
[13] and these could be exploited directly.
We shall show that, starting with a speciﬁc family of dissipation functions, each of these methods
can produce identical yield surfaces and ﬂow rules. Issues arise if we wish to invert the process and
recover ﬂow rules or dissipation functions from yield functions. In particular, the yield surfaces
produced using the theory of envelopes show the following unexpected feature [14]. The associated
ﬂow rule can be modiﬁed to predict the correct ﬂow direction by ignoring the frictional nature of
dissipation during differentiation of the yield function with respect to the stress. Hyperplasticity
speciﬁcally incorporates this feature, and justiﬁes the special differentiation by a carefully argued
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demarcation between two stress-based tensors. These are designated the ‘true stress’ and the
‘generalized stress’ in [5]. (The generalized stress is denoted in later work [15] as the ‘dissipative
generalized stress’ and then as the ‘dissipative stress’ in [16].) Originally [5], the separation of
these stress-based tensors was used to incorporate kinematic hardening by putting their difference
equal to a shift stress; but in later work, even though they may have the same numerical value,
they are still treated separately during differentiation. This has become a central feature of the
whole hyperplastic method.
The main purpose of this paper is to show that this separate treatment, in the particular context of
frictional plasticity, has a simple mathematicalexplanationarising speciﬁcallyfrom the relationship
between the dissipation function and the yield function; and therefore justifying this way of
obtaining the correct ﬂow direction without recourse to physical arguments. This mathematical
justiﬁcationmayallowthismethodtobeused morewidelyandcertainlywithincreasedconﬁdence.
The remainingpart of the paper takes the followingform. First, a preliminary section is presented
in which the notation is deﬁned and the dissipation function speciﬁed. This is followed by a
section entitled Technical Background containing: a short description of the envelope approach;
an account of the use of LFT and an update on the status of norms and dual norms in the
present context. Section 4 develops a justiﬁcation of hyperplasticity that does not rely on Ziegler’s
postulates. Instead it uses optimization techniques based on: graphical insights; and, in Section 5,
the inequalities of Fenchel [12], and the norm-dual norm [13]. In Section 6, as an illustration,
two dissipation functions are constructed and the yield surfaces generated. The ﬁnal section gives
some concluding remarks regarding the current status of hyperplasticity.
2. PRELIMINARIES
2.1. Notation
Consider a unit volume of material in Cartesian space (x1,x2,x3) subject to tractions on the
boundary giving rise to a stress tensor with components ij. At each point, the material moves
with velocity vi and the components of the strain rate tensor are given by
˙ eij=
1
2
 
vi
x j
+
vj
xi
 
(1)
For the sake of clarity, we will generally use a vector notation where components of a 3×3t e n s o r
are represented as elements of a 9×1 vector. The elements of the stress and strain rate vectors
are denoted by I and ˙ eI, respectively, and contain the components ij and ˙ eij, respectively.
Speciﬁcally, let the strain rate vector be deﬁned as
(˙ e1, ˙ e2, ˙ e3, ˙ e4,...)=(˙ e11, ˙ e12, ˙ e13, ˙ e21,...) (2)
and the stress vector similarly. By continuing to make use of the summation convention, the rate
of doing work can then be written as I ˙ eI.
2.2. Dissipation function
In this paper we shall look at the problem of constructing a yield function and ﬂow rule from a
dissipation function and constructing a dissipation function and ﬂow rule from a yield function,
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using a variety of techniques. We shall restrict the argument to a speciﬁc form of the dissipation
function, albeit quite a general one, denoted by ˙ D=
 
˙ eijDijkl˙ ekl.W h e r eDijkl are the components
of a fourth-order tensor constructed to make the dissipation function positive deﬁnite and the
summation convention has been used. The dissipation function is therefore homogeneous of degree
one in the strain rate tensor. This restriction ensures that energy is always dissipated and the
resistance to deformation is independent of the rate of strain. The components, Dijkl,a r en e v e r
functions of the components of the strain rate tensor but do depend on the current values of the
stress tensor unless otherwise indicated. To maintain the clarity of the central result we shall
consider only those, somewhat artiﬁcial, situations that do not include either hardening or any
volume constraint, as these do not effect the essentials of the mathematics that we wish to explore.
In the vector notation the dissipation function can be written as
√
˙ eI DIJ˙ eJ,w h e r eDIJ are
elements of a 9×9 positive-deﬁnite symmetric matrix.
3. TECHNICAL BACKGROUND
3.1. Envelopes
As shown in [4,8,14] and [17], the yield surface can be considered as an envelope in stress space.
In order to ﬁnd the envelope, consider the power balance for a rigid plastic material in the form
of the rate of doing work minus the rate of energy dissipation. This can be written as
=I ˙ eI −
 
˙ eI DIJ˙ eJ (3)
If values of the components of strain rate (˙ eI) are chosen and then ﬁxed, the ﬂow mechanism
represented by these chosen strain rates is also ﬁxed. The condition =0 then describes a surface
in the space of the components of stress. On one side of this surface, insufﬁcient work is supplied
by the stresses to overcome the resistance to plastic deformation: but on the surface the mechanism
described by the chosen strains can operate. Another choice of ˙ eI represents a different mechanism
and would produce a different surface, and so on. With a sufﬁciently broad range of choices of the
strain rates, an envelope forms which delineates a region of stress space where plastic ﬂow cannot
take place. If the stress tensor reaches the boundary of this region then plastic deformation takes
place in a direction represented by the strain rates used in the generation of the particular surface
it touches.
This is illustrated in Figure 1, which represents the constant pressure plane in principal stress
space. The heavy white line divides, for a speciﬁc choice of the strain rates, the part of the plane
where the stresses do insufﬁcient work to cause plastic deformation (dark grey) from the part of
the plane where they do (light grey). The thinner white lines are these dividing lines for other
choices of strain rate and can be seen to form an envelope.
We wish to ﬁnd, mathematically, the envelope of those surfaces which act as this boundary. The
assumptions are made: (i) that the dissipation function has been chosen such that the envelope
exists; and (ii) that the envelopedoes separate a region containingsurfaces with =0 from a region
not penetrated by these surfaces. For problems with reduced dimensionality, these geometrical
assumptions can be tested graphically.
For the mathematical exposition, the function (I, ˙ eI) can be considered as a family of
functions in stress space with the components of strain rates as adjustable parameters. The standard
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Figure 1. Lines in stress space representing zero values for . Each divides stress space
and together they form a yield surface.
procedure for determining an envelope formed by such a family of curves (see, for example, [18])
is to eliminate the strain rates from
=I ˙ eI −
 
˙ eI DIJ˙ eJ =0( 4 )
and

˙ eI
=I −
DIJ˙ eJ √
˙ eI DIJ˙ eJ
=0( 5 )
To facilitate this, Equation (5) can be rearranged to obtain the strain rates in terms of the stresses
and the rate of energy dissipation
˙ eI =D−1
IJ J
 
˙ eI DIJ˙ eJ (6)
This relation, which is a ﬂow rule, can be used to eliminate the strain rates from the term I ˙ eI
in Equation (4), and the resulting expression describes the envelope; which in this case is a yield
surface determined by
Env=I D−1
IJ J −1=0( 7 )
Formally, Env=0 represents only a yield surface and a number of yield functions could be
constructed, by manipulating Equation (7), that were consistent with it.
3.2. Use of the Legendre–Fenchel transforms
Following [5] and the more developed hyperplasticity approach explored in [15], we identify two
different roles for the components of stress.
1. The ﬁrst role is their inclusion in the dissipation function. In this role the stresses control the
resistance of the material to plastic deformation and, for the sake of clarity, will be tagged
with a check (ˇ I) in this section and the following section. Therefore, throughout these
sections we think of the matrix elements DIJ as functions of the checked stresses.
2. The second role of the stresses is in contributing to the rate of doing work. In this role, the
stresses act to promote plastic deformation and will be referred to as the hatted stresses (ˆ I)
in this section and the following section.
Copyright q 2009 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2009)
DOI: 10.1002/nagH. W. CHANDLER AND C. M. SANDS
The yield function produced contains stresses fulﬁlling both these roles and is then written
(ˆ , ˇ ) to emphasizeits dependencyon bothstress roles. A procedural feature of the hyperplasticity
approach is to treat the hatted and checked stresses as separate variables with identical values.
As the dissipation function used here is homogeneous of degree one, and therefore not a strictly
convex function [12] it is appropriate to use Fenchel’s extension to the Legendre transform to
produce the Legendre–Fenchel conjugate, denoted by a dagger. For convenience we ﬁrst write
(ˆ I, ˇ I, ˙ eI)=ˆ J ˙ eJ − ˙ D(˙ eI, ˇ I) (8)
where ˙ D(˙ eI, ˇ I)=
√
˙ eI DIJ˙ eJ, and then the Legendre–Fenchel conjugate can be written in the
context of this work as
˙ D
†(ˆ I, ˇ I)=max
˙ eI∈ 
{(ˆ I, ˇ I, ˙ eI)} (9)
which can be read as: if we choose constant values of ˆ I and ˇ I,t h e n ˙ D
† is the maximum value
of ˆ J ˙ eJ − ˙ D(˙ eI, ˇ I) achieved by varying ˙ eI arbitrarily. This maximization process leads to the
optimality condition that

˙ eI
=ˆ I −
DIJ˙ eJ √
˙ eI DIJ˙ eJ
=0 (10)
which can be rearranged to give
˙ eJ =D−1
IJ ˆ I
 
˙ eI DIJ˙ eJ (11)
Then (ˆ I, ˇ I, ˙ eI) becomes either
(ˆ I, ˇ I, ˙ D)=
  
ˆ J D−1
IJ ˆ I −1
  
˙ eI DIJ˙ eJ (12)
or
(ˆ I, ˇ I, ˙ D)=
 
ˆ J D−1
IJ ˆ I −
 
ˆ J D−1
IJ ˆ I
  
˙ eI DIJ˙ eJ (13)
depending on whether or not we substitute for ˙ eI in the dissipation function. For reasons that will
be made clear in Section 5, we choose to deﬁne this incomplete Legendre transform ILT as
ILT=ˆ J D−1
IJ ˆ I −
 
ˆ J D−1
IJ ˆ I (14)
so we can write
(ˆ I, ˇ I, ˙ D)=ILT ˙ D(˙ eI, ˇ I) (15)
If ILT is greater than zero then the maximum value of (ˆ I, ˇ I, ˙ eI) is generated by making
˙ D tend to inﬁnity; while, when ILT is negative, the maximum value of (ˆ I, ˇ I, ˙ eI) is achieved
by making ˙ D equal to zero. We can identify ILT as the yield surface and ˙ D
†
(ˆ I, ˇ I) as the yield
function, denoted by LFT(ˆ I, ˇ I). Thus,
LFT(ˆ I, ˇ I) = ˙ D
†(ˆ I, ˇ I)=0i f ˆ J D−1
IJ ˆ I −10
LFT(ˆ I, ˇ I) = ˙ D
†(ˆ I, ˇ I)=∞ if ˆ J D−1
IJ ˆ I −1>0
(16)
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This somewhat unconventional deﬁnition of a yield function, known in convex analysis as an
indicator function [12], not only conﬁrms the yield surface found in Section 3.1, it also allows an
inverse transform, formally given by
˙ D
††(˙ eI, ˇ I)=
†
LFT(˙ eI, ˇ I)=max
ˆ I∈ 
{ˆ J ˙ eJ −LFT(ˆ I, ˇ I)} (17)
where the double dagger indicates the result of the repeated transform operation. This is equiva-
lent to
˙ D
††
(˙ eI, ˇ I)=
†
LFT(˙ eI, ˇ I)= max
ˆ I∈ ;LFT(ˆ I,ˇ I)=0
{ˆ J ˙ eJ −LFT(ˆ I, ˇ I)} (18)
whichcan beread as: maximize ˆ J ˙ eJ−LFT(ˆ I, ˇ I) withrespect to ˆ I subjectto ˆ I D−1
IJ ˆ J−1=0.
This repeated LFT can then be found by ﬁrst constructing a Lagrangian
L ˆ =ˆ I ˙ eI −(ˆ I D−1
IJ ˆ J −1) (19)
where  is a Lagrangian multiplier. The optimality conditions are that
L ˆ 
ˆ I
=˙ eI −
D−1
IJ ˆ J  
ˆ I D−1
IJ ˆ J
=0 (20)
and
L

=−(ˆ I D−1
IJ ˆ J −1)=0 (21)
Given this second optimality condition, the ﬁrst condition Equation (20) reduces to
˙ eI −2D−1
IJ ˆ J =0 (22)
which can be rearranged to give
ˆ I =
DIJ˙ eJ
2
(23)
Equation (22) can multiplied by the hatted stresses to give
ˆ I ˙ eI −2ˆ I D−1
IJ ˆ J =0 (24)
As the second optimality condition requires ˆ I D−1
IJ ˆ J =1, then
2=ˆ I ˙ eI (25)
which on substitution for ˆ I using Equation (23) gives
2=
 
˙ eI DIJ˙ eJ (26)
Returning to Equation (18) and making use of Equations (25) and (26), the LFT of the yield
function is clearly
√
˙ eI DIJ˙ eJ. We can therefore write
˙ D
††(˙ eI, ˇ I)=†(˙ eI, ˇ I)=
 
˙ eI DIJ˙ eJ = ˙ D(˙ eI, ˇ I) (27)
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This process does, however, require that we can identify the hatted and checked stresses in the
yield function and this, within the conﬁnes of this limited model, is tantamount to knowing the
dissipation function already!
3.3. Norm-dual norm transform
The particular form of the dissipation function chosen in this work (and many others) is a norm
for strain rate space. Speciﬁcally, it is known as a quadratic norm [12]. Norms have the following
properties:
1. They are positive deﬁnite and homogeneous of degree one.
2. They obey the triangle inequality.
The ﬁrst is a requirement for a dissipation function, the second is an extra feature of many
dissipation functions. As in the last section dealing with the LFT, we continue to demarcate
between the role of the stress, ˆ I, contributing to the rate of doing work and ˇ I, contributing to
the resistance to ﬂow through the dissipation function.
Afeature ofthealgebraofnormsis thattheyhaveadualnorm,whichweshalldenote ˙ D
 (ˆ I, ˇ I).
This is deﬁned as
˙ D
 (ˆ I, ˇ I)= max
˙ eI∈ ; ˙ D=1
{ˆ J ˙ eJ} (28)
and gives
˙ D
 (ˆ I, ˇ I)=
 
ˆ I D−1
IJ ˆ J (29)
A more conventionally deﬁned yield function can then be written as DN= ˙ D
 −1 as was pointed
out in [11] for the case of deviatoric strain rate and stress spaces. The above process can be
performed whether or not DIJ are functions of the stress. If they are, however, ˙ D
  would no longer
necessarily be homogeneous of degree one and so ˙ D
 
would not be a dual norm.
If the procedure of deﬁning two stress tensors is interpreted in the same way as for the LFT,
then ˙ D
 (ˆ I, ˇ I) would be a norm for hatted stress space. The dissipation function can then be
recovered by obtaining the dual of the dual, thus
˙ D(eI)  = max
ˆ ∈ ; ˙ D
 
=1
{ˆ J ˙ eJ} (30)
This is essentially the same as Equation (18) and again leads to the repeated transform returning
to the original.
4. JUSTIFYING HYPERPLASTICITY
In this section we return to the envelope approach and we abandon the demarcation of the stresses
so all occurrences of the stress in any function are treated as if they were the same variable.
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Figure 2. Lines in stress space representing zero values for (˙ e∗
I,I) and (˙ e∗
I ±I,I).
For a ﬁxed point, ∗
I, on the yield surface, the maximum value of (˙ eI,∗
I) is produced
when ˙ eI obeys the ﬂow rule and has the value ˙ e∗
I.
4.1. Optimization with respect to strain rate
The problem of ﬁnding the envelope can be formulated as an optimization problem with a
constraint [4]. The power balance, at yield, can again be written
=I ˙ eI − ˙ D=0 (31)
Now consider a ﬁxed point in stress space, ∗
I, that is on the yield surface, and let the corresponding
strain rate be denoted by ˙ e∗
I. As indicated in Figure 2, the only surface satisfying =0t h a t
passes through ∗
I is the one deﬁned by (I, ˙ e∗
I)=0, hence (∗
I, ˙ e∗
I)=0. Other choices of
the values of ˙ eI in this expression, speciﬁcally ˙ e∗
I ±I (where I is a small perturbation), give
(∗
I, ˙ e∗
I ±I)0a t∗
I. And so the expression (∗
I, ˙ eI) appears to have a maximum, with respect
to ˙ eI, of zero at ˙ e∗
I.
However, because  is homogeneous of degree one, the maximum cannot immediately be found
uniquely because any positive multiplier of ˙ eI,s a y, greater than unity, can give an increased
value, . This is dealt with by introducing the constraint ˙ D= ˙ D0. As will be seen, ˙ D0 fulﬁlls the
role of a plastic multiplier in the ﬂow rule.
Following the method described in [4], a Lagrangian function (Le) with undetermined multiplier
CO can be constructed
Le=I ˙ eI − ˙ D−CO( ˙ D− ˙ D0) (32)
At the constrained maximum of , the Lagrangian multipliers and strain rates take speciﬁc values,
which satisfy the optimality conditions:
Le
˙ eI
=I −(1+CO)
 
DIJ˙ eJ
˙ D
 
=0 (33)
Le
CO
=−˙ D+ ˙ D0=0 (34)
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These will be used directly to ﬁnd the speciﬁc form of the yield function. The asterisk has been
dropped for compactness. Each term in Equation (33) can be contracted with ˙ eI, and, by using
the fact that the dissipation function is homogeneous of degree one, this may be written
I ˙ eI −(1+CO) ˙ D=0 (35)
The optimal values will obey the constraints, so this becomes
I ˙ eI −(1+CO) ˙ D0=0 (36)
Each strain rate can, by multiplying Equation (33) by D−1
IJ and manipulating, be written
˙ eI =D−1
IJ (J)
˙ D
(1+CO)
(37)
By using Equation (37) to replace ˙ eI in the power balance, Equation (36) can be written
I D−1
IJ (J)
˙ D0
(1+CO)
−(1+CO) ˙ D0=0 (38)
leading to the expression
CO=
 
I D−1
IJ J −1=0 (39)
It can be seen from Equation (36) that, when CO is zero, the rate of doing work matches the
rate of dissipating energy. And, if CO were less than zero then the rate of doing work would be
insufﬁcient to produce plastic deformation. It follows, therefore, that Equation (39) fulﬁlls the role
of a yield function. The expression (1+CO) also has meaning when the stresses are not on the
yield surface. It is the ratio of the rate of doing work to the rate at which energy is dissipated, and
so, unlike some yield functions [6], Equation (39) should not produce spurious negative values
outside the yield surface.
4.2. Optimization with respect to stress
Alternatively, the envelope can be considered as an optimization problem with respect to the
stresses. This is implemented by ﬁrst ﬁxing ˙ eI =˙ e∗
I and then constraining the stresses to be on
the yield surface. The graphical representation in Figure 3 shows that the values of the stresses,
constrained in this way, give a maximum in  that satisﬁes Equation (37). (It may be recalled that
Equation (37) was determined by maximizing , subject to constraints, with respect to the strain
rates.)
A constraint on the dissipation ( ˙ D= ˙ D0) is included, as before. After dropping the asterisks,
the appropriate Lagrangian function is then
L=˙ eII − ˙ D−CO−( ˙ D− ˙ D0) (40)
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Figure 3. Stress space is divided into two by the line (˙ e∗,)=0. The maximum value of (˙ e∗,) when
the stress is on the yield surface is therefore zero.
with CO deﬁned by Equation (39) and  and  being Lagrangian multipliers. Following on from
Equation (40), the optimality conditions for the stresses can be written explicitly as
L
I
=˙ eI −
⎛
⎜ ⎜
⎝
˙ eK
DKJ
I
˙ eJ
2 ˙ D
⎞
⎟ ⎟
⎠(1+)−
⎛
⎜ ⎜
⎝

I
(K D−1
KJ J)
2
 
I D−1
IJ (J)
⎞
⎟ ⎟
⎠=0 (41)
L

=−CO=0 (42)
and
L

=−˙ D+ ˙ D0=0 (43)
As before, the optimal value of the Lagrangian multipliers,  and , can be found explicitly; but
ﬁrst some terms in Equation (41) need to be expanded.
The numerator of the third term of the right-hand side of Equation (41) can be expanded to give

I
(K D−1
KJ (J))=2D−1
IJ J +K
D−1
KJ
I
J (44)
By rearranging the ﬁrst optimality condition, given by Equation (41), it can now be written as
˙ eI −
⎛
⎜ ⎜
⎜
⎝
˙ eK
DKJ
I
˙ eJ
2 ˙ D
(1+)+
K
D−1
KJ
I
J
2(1+CO)
⎞
⎟ ⎟
⎟
⎠
−
D−1
IJ (J)
1+CO
=0 (45)
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We now assume a trial solution for I of the form
I =
DIJ
˙ D
˙ eJ (46)
which is consistent with the ﬂow rule obtained by the earlier optimization process with respect to
strain rate. When the trial solution is substituted for I in Equation (41) it gives
˙ eI −
⎛
⎜ ⎜
⎜
⎝
˙ eK
DKJ
I
˙ eJ
2 ˙ D
(1+)+

DKQ
˙ D
D−1
KJ
I
DJP
˙ D
˙ eQ˙ eP
2(1+CO)
⎞
⎟ ⎟
⎟
⎠
−
˙ eI
1+CO
=0 (47)
which with use of the identity
DKQ
D−1
KJ
I
DJP=−
DQP
I
(48)
obtained from the differentiation of D−1
KQDQP−IKP with respect to I, reduces to
˙ eI
 
1−

˙ D
 
−
1
2
˙ eK
DKJ
I
˙ eJ
 
(1+)
˙ D
−

˙ D
2
 
=0 (49)
with CO=0. And, as both ˙ eI and DKJ/I can be speciﬁed arbitrarily, this implies that both
1−

˙ D
=0 (50)
and
 
(1+)
˙ D
−

˙ D
2
 
=0 (51)
Equation(50)establishesthat= ˙ D;andthenitfollowsfromEquation(51)that=0.Equation(43)
can be satisﬁed by choosing ˙ D= ˙ D0 without affecting the other requirements.
With these values for the Lagrangian multipliers Equation (41) can be written
L
I
=˙ eI − ˙ D0D−1
IJ (J)=0 (52)
Notethatall theterms containingD−1
KJ /I cancelout. Thisremarkable resultrequires theidentity,
Equation (48), to be used and by this the close relationship between the dissipation function and the
yield function is acknowledged. Recall that DIJ contains no hatted stresses and checked stresses
do not appear elsewhere so, most importantly, Equation (52) would also have been produced using
the device of stress demarcation employed in Sections 3.2 and 3.3.
5. USING INEQUALITIES
Inequalities are attractive as they lend themselves to computational optimization methods and
can, therefore, be very useful when modelling granular materials. Some valuable inequalities
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are associated with both the Lengendre–Fenchel and norm-dual norm transforms. These two
inequalitiesareparticularlyimportantinthecontextoffrictionalplasticityastheysurviveevenwhen
the dissipation function depends on stress. In this section we investigate some of the properties of
these inequalities and show how the procedures can be modiﬁed to avoid the use of the demarcation
of the stresses. Throughout this section, the stresses are treated as one set of variables and there
is no demarcation between hatted and checked stresses.
5.1. Norm-dual norm inequality
It can be shown directly [13] that
˙ eII − ˙ D(CO+1)0 (53)
To show this result for the speciﬁc case discuss here, it is best to start with the Cauchy–Schwartz
inequality written as
˙ eII −
 
˙ eI ˙ eJ
 
I J0 (54)
This allows the substitutions
˙ eI =D
1/2
IJ ˙ eJ (55)
and
I =D
−1/2
IJ J (56)
the Cauchy–Schwartz inequality becomes
H=˙ eII −
 
˙ eI DIJ˙ eJ
 
D−1
IJ J0 (57)
which conﬁrms the inequality represented by Equation (53).
This inequality can be used to reiterate the results of Section 4. The maximum of H with
respect to strain rate requires the optimality conditions to be
H
˙ eI
=I −(1+CO)
 
DIJ˙ eJ
˙ D
 
=0 (58)
This recovers Equation (33). The maximum of H with respect to stress requires the optimality
conditions to be
H
I
=˙ eI −
⎛
⎜
⎜
⎝
˙ eK
DKJ
I
˙ eJ
2 ˙ D
⎞
⎟
⎟
⎠(1+CO)− ˙ D
⎛
⎜
⎜
⎝

I
(K D−1
KJ J)
2(1+CO)
⎞
⎟
⎟
⎠=0 (59)
If use is made again of the identity given as Equation (48) then it can be shown that Equation (59)
is solved by
I =
DIJ
˙ D
˙ eJ(1+CO) (60)
It can therefore be seen that, when compared with Equation (41), the stresses need no longer lie
on the yield surface so avoiding the need for that explicit constraint.
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5.2. Modiﬁed Fenchel’s inequality
If we again ignore the difference between the hatted and the checked stresses, then Fenchel’s
inequality can be written as
I ˙ eI − ˙ D−LFT0 (61)
and remains valid even when the dissipation function depends on stress. Speciﬁcally, inside the
yield surface I ˙ eI − ˙ D is negative and LFT=0, but outside the yield surface, while I ˙ eI − ˙ D is
positive, it is dominated by LFT→∞. The maximum of the left-hand side with respect to the
strain rates can be found as shown in Section 3.2. But, as a result of the discontinuous nature
of LFT, the maximum with respect to the stresses is best found as a constrained optimization
problem similar to Equation (18).
Interestingly, we can also write the inequality making use of the incomplete Legendre transform:
I ˙ eI − ˙ D−ILT ˙ D0 (62)
To conﬁrm its validity it can be written as
 
I ˙ eI −
 
I D−1
IJ J ˙ D
 
−
   
I D−1
IJ J −1
 2
˙ D
 
0 (63)
With ˙ D=
√
˙ eI DIJ˙ eJ, the contents of the ﬁrst pair of braces can be seen to be less than or equal
to zero using the inequality shown in Equation (57). The contents of the second brace is clearly
greater or equal to zero. Therefore, the inequality is true on or off the yield surface. At the equality,
these two terms enforce the directions of the stresses and strain rates and the magnitudes of the
stresses, so they are all consistent with the ﬂow rule and provide a natural penalty function for the
imposition of the yield function.
Formally, by comparison with the inequality in Equation (62), the yield function and dissipation
function can be seen to be recovered by
max
˙ e∈ 
{I ˙ eI − ˙ D} (64)
and
max
∈ 
{I ˙ eI −ILT ˙ D} (65)
respectively. The ﬁrst reproduces Equation (9) and the second has been conﬁrmed in detail by the
authors. Again, to recover the dissipation function from the yield function, we require knowledge
of the dissipation function!
6. AN ILLUSTRATIVE APPLICATION
At the heart of this approach to plasticity lies the construction of the matrix specifying the
dissipation function. What follows is an illustrative example based on observations of granular
materials, which indicate that energy is dissipated by frictional sliding and granule damage.
Frictional sliding: If we assume isotropy, then a ﬁrst approximation to the rate of energy
dissipated by frictional sliding could be, in tensor notation, −(1/3)tr(r)
√
˙ dT˙ d.W h e r e˙ d is the
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tensor representing the deviatoric strain rate, r is the stress tensor with tension positive and  is a
positive material constant. To convert this to the vector notation used elsewhere in this paper we
ﬁrst deﬁne: d=(100010001 )T; the pressure p=−(1/3)PP and ˙ dK to denote the elements
of deviatoric strain vector. The rate of energy dissipation by frictional sliding can be written, in
vector notation, as p
 
˙ dK ˙ dK. The deviatoric strain rate vector can be found by multiplying the
strain rate vector by the matrix (S),w h i c hi s
S=
⎛
⎜ ⎜ ⎜ ⎜
⎜ ⎜ ⎜
⎜ ⎜ ⎜
⎜ ⎜ ⎜
⎜ ⎜ ⎜ ⎜
⎜ ⎜ ⎜
⎜ ⎜
⎝
2
3 000−1
3 000−1
3
0 100 0 000 0
0 010 0 000 0
0 001 0 000 0
−1
3 000 2
3 000−1
3
0 000 0 100 0
0 000 0 010 0
0 100 0 001 0
−1
3 000−1
3 000 2
3
⎞
⎟ ⎟ ⎟ ⎟
⎟ ⎟ ⎟
⎟ ⎟ ⎟
⎟ ⎟ ⎟
⎟ ⎟ ⎟ ⎟
⎟ ⎟ ⎟
⎟ ⎟
⎠
(66)
Granuledamage:Inaddition,therate ofenergydissipationfrom granuledamageis approximated
by the product of: (i) the developing compressive ‘strength’ ( ) of the granule–granule contacts and
(ii) the deviation of the volume strain rate from that speciﬁed in a dilatancy rule for rigid granules.
A useful model for such a dilation rule in applications to cyclic deformation [19] is one where
the rate of volume strain (˙ =˙ eKK) is related to the components of deviatoric strain rate. This is
achieved by ﬁrst constructing a (9×1) vector of deviatoric strain (dG
K) representing the evolving
anisotropy of the dilatational response. Then the dilation rule can take the form ˙ =2	RdG
K ˙ dK,
where 	R is a parameter changing with the void ratio of the packing. We assume that, when this
rule is disobeyed, the rate of energy dissipation is
 
 
(˙ −2	RdG
K ˙ dK)2 (67)
the square of which can be written as
 2(˙ eIIJ ˙ eJ −4	R˙ eISIKdG
KJ ˙ eJ +4	2
R ˙ eISIKdG
KdG
MSMJ˙ eJ) (68)
These two energy dissipating mechanisms could be added directly; however, more realistic
models are obtained by adding their squares and taking the square root of the result. This heuristic
approach is commonin the literature (e.g. Collins [16]) and allows for some reduction in dissipation
rate when the two mechanisms appear to ‘act in concert’. It leads to the components DIJ being
given by
DIJ= p22SIKSKJ+ 2(IJ −4	RSIKdG
KJ +4	2
RSIKdG
KdG
MSMJ) (69)
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Figure 4. Yield surfaces following three triaxial tests, plotted in principal stress space and annotated with
arrows indicating the direction of plastic ﬂow. Model parameters shown in Table I. (a–c) Drucker–Prager,
(d–f) Matsuoka–Nakai: (a) compression; (b) hydrostatic compaction; (c) extension; (d) compression; (e)
hydrostatic compaction; and (f) extension.
Table I. Model parameters used to simulate the state of the
granular assembly after deformation in triaxial tests, resulting
yield surfaces shown in Figures 4 and 5.
	R 0.2
 0.8
dG compression [−1.00 .50 .5]
dG hydrostatic compaction [0 0 0]
dG extension [1.0 −0.5 −0.5]
In the low-pressure limit, as p/  tends to zero, this gives a yield surface which is a Drucker–
Prager cone in principal stress space. More interestingly, (i) a cap is generated ending at p/ =1
and (ii) the evolving dilatancy term produces rotational kinematic hardening [19]. Typical yield
surfaces, found from Equation (6), and strain rate directions, found from Equation (5), are shown
in Figure 4, using model parameters shown in Table I.
This illustrates how, even for the restricted formulation used in this paper (developed primarily
to compare different approaches with the production of yield surfaces) simple physical ideas can
lead to a plausible yield surface and ﬂow rules. Note that compaction is incorporated into the
Drucker–Prager cone without the extra work of incorporating speciﬁc granule deformation modes
[8,14,20] and without the intricacies of the partition between ‘dissipative stress’ and ‘true stress’
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Figure 5. Sections through yield surfaces along the hydrostatic axes following three triaxial tests, annotated
with arrows indicating the direction of plastic ﬂow. Model parameters shown in Table I. (i) Compression,
(ii) hydrostatic compaction and (iii) extension: (a) Drucker–Prager and (b) Matsuoka–Nakai.
(e.g. Collins [16]). It is also interesting to note that the plots of the yield surface were, for each
point, reliably computed by maximizing the left-hand side of the modiﬁed Fenchel inequality
(Equation (62)) using straightforward techniques for unconstrained optimization. Speciﬁcally, with
the deviatoric strain rate and pressure ﬁxed, the expression was maximized with respect to the
deviatoric stresses and volume strain rate. This avoids using Newton’s method, which is often
fraught with problems of convergence. Furthermore, when 	R =0 ,a n di nt h el i m i to fs m a l lp/ ,
the cone can be made consistent with the isotropic Matsuoka–Nakai yield surface by means of
a modiﬁcation to the term representing frictional dissipation [4]. In tensor notation this becomes

 
1
3tr(r)tr(˙ dr˙ d).Speciﬁcally,invectornotation,theterm p22SIKSKJ isreplacedinEquation(69)
by p2SIKPKLSLJ.W h e r eP, making use of the symmetry of the stress tensor, is
−P=
⎛
⎜ ⎜
⎜ ⎜ ⎜
⎜ ⎜ ⎜ ⎜
⎜ ⎜ ⎜
⎜ ⎜ ⎜
⎜
⎝
11 00 12 00 13 00
0 11 00 12 00 13 0
00 11 00 12 00 13
21 00 22 00 23 00
0 21 00 22 00 23 0
00 21 00 22 00 23
31 00 32 00 33 00
0 31 00 32 00 33 0
00 31 00 32 00 33
⎞
⎟ ⎟
⎟ ⎟ ⎟
⎟ ⎟ ⎟ ⎟
⎟ ⎟ ⎟
⎟ ⎟ ⎟
⎟
⎠
(70)
Typical yield surfaces are shown in Figure 5 and are again computed using the modiﬁed
Fenchel inequality. Of course, with the inclusion of dilation, or when p/  approaches unity, the
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Matsuoka–Nakai cone is somewhat distorted. Further reﬁnements could include incorporating
anisotropy into the rate of energy dissipated by frictional sliding, or further modifying the relative
weighting between the pressure and the full stress tensor. However, before full models could be
developed, it would be necessary to state evolution laws for   and the parameters controlling the
rigid granule limit for dilatancy. This is the subject of ongoing development.
7. SUMMARIZING REMARKS
Although the processes of deriving yield functions and ﬂow rules from dissipation functions
(sometimes with additional kinematic constraints) have been based on a number of physical and
mathematicalarguments, for the ﬁrst time these have been brought together and critically compared
(albeit for the limited case where kinematic constraints are included via penalty terms in the
dissipation function). During this process a number of features have been revealed, in particular:
1. We expose the primacy of the strain rate approach, in that it is easier to start with a dissipation
function rather than start with a yield function.
2. We produce, what we have called, the incomplete Legendre transform and its associated
modiﬁed Fenchel inequality as natural consequences during the mathematical development.
3. We discover the mathematical reason why treating the yield function as a ﬂow potential leads
to consistent results if certain stress terms are regarded as constants during differentiation.
4. Finally, we demonstrate the ease with which a single yield surface integrating a cone and a
cap can be produced by incorporating simple physical ideas into the dissipation function.
The process of creating a ﬂow rule and a yield surface from a simple form of dissipation function
has been performed using:
1. the theory of envelopes;
2. the LFT;
3. the creation of a dual norm;
4. constrained optimization based on graphical constructions.
While all these methods produce the same ﬂow rules and yield surfaces, only the latter three
formally produce speciﬁc yield functions. The ones produced by the full LFT, however, are
discontinuous and therefore likely to be of limited use computationally. The dual norm approach
and the constrained optimization based on graphical constructions give identical yield functions.
The use of, what we have called, the incomplete Legendre transform leads, in the case studied
here, to a modiﬁed form of Fenchel’s inequality. This holds promise as a computational tool, as it
can be used to enforce both the ﬂow rule and the yield condition simultaneously, as demonstrated
by its use in constructing Figures 4 and 5.
The inverse process, of producing the dissipation function from the yield function, requires the
role of the hatted and checked stresses in the yield function to be known in advance. As noted
above, this demarcation of the stresses is necessary for the repeated LFT and the repeated dual
norm transform to produce the correct ﬂow rule and dissipation function. The reason that this
rather strange procedure gives correct results is clearly a result of the cancelling of the D−1
KJ /I
terms during the constrained optimization with respect to the stress (see Section 4.2). In the simple
case discussed here, knowledge of the demarcation in the yield function is tantamount to knowing
the dissipation function, so the use of the repeated transform is only conﬁrmatory.
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The inclusion of volume constraints leads to similar behaviour [14] and this has been conﬁrmed
in detail for more general cases by the authors, although the algebraic manipulation is necessarily
more substantial.
We are therefore conﬁdent that, despite the use of demarcated stresses in the formulation of
hyperplasticity, the fundamental process is sound. The results are consistent with much simpler
physical arguments and for these reasons we are convinced that the physical credibility of hyper-
plasticity is intact.
For readers preferring to take a more direct route to understanding the formulation of frictional
plasticity, this paper demonstrates that the approaches using either the theory of envelopes or using
constrained optimization produce the same results as hyperplasticity but require only simple graph-
ical arguments augmenting physical insight. This avoids recourse to the sophisticated reasoning
of non-equilibrium continuum mechanics or the need to explicitly divide the role of the stresses.
Instead we show, by example, that a more efﬁcient way to proceed is to ﬁrst postulate a physically
reasonable dissipation function and then produce a yield function and ﬂow rule from it. During
the process of model construction, this procedure focusses the attention of the modeller on iden-
tifying the features of the dissipation function that are required to produce a plausible simulation
of the behaviour of the material, thereby facilitating a mechanistic approach. The two examples
chosen create dissipation functions for modelling granular materials that exhibit signiﬁcant particle
damage and rotational kinematic hardening through anisotropic dilatancy. These produce yield
functions and ﬂow rules with many appropriate features and have the potential, with the addition
of appropriate evolution rules for the parameters in the dissipation functions, to produce materials
models that may be worth investigating further.
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